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A physical model for  heat exchange between a fluidized bed and a surface in contact with it 
is proposed and discussed.  The heat exchange is due to heat t r ans fe r  by oscil lating par t ic les .  

The "external" heat and mass  t r ans fe r  between a fluidized bed and su r faces  are  of considerable in- 
t e res t  in connection with the widespread applications of such sys tems .  As examples we can cite not only 
heat  exchange between a bed and the walls bounding it, but also the many exchange p rocesses  with inser ts ,  
heat exchangers ,  a r t ic les  being processed ,  etc., which lie within the bed; such sys tems  a re  found in severa l  
technological applications.  

Much experimental  information is now available on external heat t r ans fe r  in beds of var ious types,  
and models have been worked out which explain the essent ial  features  of cer ta in  phenomena accompanying 
heat t rans fe r .  These models  also give a physical  in terpreta t ion of the mechanism for this t r ans f e r  (see, 
e.g., the review in [1-4]). Qualitatively, the existing models can be classif ied in three groups:  Fi rs t ,  
there is the L e v a - R i c h a r d s o n - L e v e n s p i e l  model [5-7], which is based on the concept of a localization 
of the thermal  head in a thin gas film or  in liquid drops on the heat-exchange surface.  Second, the W i c k e -  
F e t t i n g - Z a b r o d s k i i  model [8, 9] incorpora tes ,  in addition to this film, heat  t r ans fe r  by conduction in a 
boundary layer  of par t ic les  [8] or  in success ive  rows of par t ic les  adjacent to the surface.  Exchange of in- 
individual par t ic les  between these rows is taken into account [9]. Finally,  in the M i c l d e y - F a i r b a a k s - B a s -  
kakov "packet" model [10, 11], the heat t r ans fe r  is dominated by packets of par t ic les  in cor re la ted  motion 
which come briefly into contact  with the surface .  

Although some of these models  have c lear ly  been successful  in giving a qualitatively c o r r e c t  desc r ip -  
tion of heat exchange in cer ta in  par t icu lar  situations o r  over  narrow ranges  of pa rame te r s ,  they do not give 
a complete physical  picture of the p rocess ,  and they are  somet imes  contradictory.  The contradict ion a r i ses  
because one par t icu lar  model focuses on one of the competing heat-exchange mechanisms ,  to the det r iment  
of other  possible mechanisms .  In o rde r  to use these par t icu lar  but simple models in a knowledgeable man- 
ner,  we c lear ly  need a more  complete model,  giving a descr i tpion of the general  behavior of the hea t - t r ans -  
fer  coefficient of the surface  as  a function of the var ious  pa ramete r s  and specifying which par t icu lar  heat-  
t r ans fe r  mechanism is predominant in a par t icu lar  situation. 

There  are  a large number  of physical  fac tors  which affect  heat t r ans fe r ,  and a detailed analysis  of 
each of these fac tors  is quite complicated.  It is therefore  worthwhile to initially examine s imply the quali- 
tative behavior of the various hea t - t r ans fe r  mechanisms  under cer ta in  simplifying assumpt ions .  In the 
presen t  paper  we repor t  the basic resul ts  of such a study for  the case in which the p r ima ry  mechanism is 
heat t r ans fe r  by par t ic les  of the d i sperse  phase which are  heated in a surface layer .  

We consider  a granular  bed under conditions of well-developed fluidization. We assume the thermal  
conductivity of the par t ic les ,  ~1, to be higher  than that of the cooling agent, k 0. This approach r e s t r i c t s  the 
scope of an analysis  of beds which a re  cooled by gases ,  but it does permit  us to neglect  heat removal  at 
par ts  of the surface which are  in contact  with gas bubbles at a par t icu lar  instant in compar ison with heat  
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removal  at par t s  of the surface in contact with the dense phase of the bed. The s ta t is t ical  fraction of the 
surface a rea  in d i rec t  contact with the dense phase, s, depends on the hydrodynamic situation in the bed 
and on the a r rangements ,  shape, and orientation of the surface .  This fract ion plays an important  role in a 
sys temat ic  theory.  For  large surface areas ,  this quantity can be thought of as the instantaneous value of 
the surface area  averaged over  the area;  for small  sur faces ,  it can be thought of as the average over  time.* 

In a well-developed fluidized bed the par t ic les  a re  entrained in a well-developed osci l la tory  motion. 
In accordance  with the extensive experimental  information available [1-4], we can assume that, first ,  there 
is an ideal mixing among par t ic les  in the sense that the par t ic les  are at a homogeneous tempera ture ,  which 
is equal to the bed tempera tu re  fa r  f rom the surface,  Too, and, second, the average time spent by a par t i -  
cular  pa r t i c l e  in the immediate vicinity of the surface is short .  In other  words,  exchange of part icles  be-  
tween the surface region and the core  of the bed occurs  quite rapidly. Clearly,  this assumption is cons is -  
tent with the models in [9-11]. However, this assumption makes the theory inapplicable for  descr ibing heat 
t r ans fe r  in s teady-s ta te  or  minimally fluidized beds, in which the part icle oscil lations are  weak. We em-  
phasize that it is complete ly  i r re levant  whether the par t ic les  approach the surface in groups,  i.e., in 
packets,  or  alone. The only important  considerat ion is that these part icles  penetrate into the surface r e -  
gion, a re  heated in this region (where they act  as a heat sink), and then migrate  into the core of the bed. 

Intense oscil lat ions of the par t ic les  prevent  the formation of an ord inary  thermal  boundary l ayer  at 
the surface;  these oscil lat ions constantly disrupt  this boundary layer ,  so that the situation can be assumed 
approximately  the same at var ious  e lements  of a large surface under identical conditions. Then we can 

n e g l e c t  heat convolution during tangential motion of the gas and par t ic les  at  the surface.  Since the tem- 
pera ture  drop is concentrated in a thin layer  near  the surface,  where the average normal  velocity of both 
phases of the bed vanishes,  we can also neglect  the average convection in the direct ion normal  to the su r -  
face. This of course  does not mean that we are  neglecting heat t r ans fe r  due to random oscil lat ions of the 
gas at the surface;  this t r ans fe r  can be ex t remely  important .  This la t ter  p rocess  is typically diffusive in 
nature,  however,  and can be descr ibed by introducing an additional t e rm in the equation for  the effective 
thermal  conductivity of the gas f i l tering through the pore volume of the porous object formed by the moving 
par t ic les  (see the discuss ion below). We note that the f i rs t  of these assumptions  may turn out to be incor-  
rec t  if the scale dimension of the surface  in contact  with the bed is comparable  to the scale dimension of 
the mie ros t rue tu re  of the bed (e.g., for heat exchange of a bed with thin tubes or wires ,  with a d iameter  
comparable  in magnitude to the average  distance between part icles) .  

Under these assumptions,  the problem of s teady-s ta te  heat conduction in the fluidizing gas which is 
par t  of the dense phase - a problem whose solution yields the average cha rac te r i s t i c s  of heat exchange of 
a bed with a t empera tu re  Too with a surface maintained at a t empera ture  T w - can be written on the basis 
of the analysis  in [12] in the following form:  

d2 T  
3` d x  2 - -  k ( r  - -  Too) = O, T!~=o = r w, T I ~ ,  --+ Too. (1) 

Here k is the coefficient of the heat t r ans fe r  f rom the gas to the par t ic les  per uni tvolume of the dense 
phase; this coefficient  can be found f rom the known solutions of the problem of unsteady heat exchange be-  
tween a single par t ic le  and a medium [13]. Here also,  X is the effective thermal  conductivity of the gas con-  
taining the oscil lating par t ic les ;  it can be writ ten 

3, : ~; + ~codoa(1 ~ 8 )  - l ' t3  /~, ~,' ~-  3,0F (e, ~a/3`o)" (2) 

The f i r s t  t e rm in the sum in (2) desc r ibes  the effective apparent  thermal  conductivity of a s teady-  
state g ranu la r  bed, for  which an equation follows f rom [12, 14, 15]; the second te rm descr ibes  the convec-  
tive heat d i spe r s ion  d u e t o  the f ine-sca le  gas motion in the pore volume of the dense phase, with a scale 
dimension a(1- e) -1/3. The theory of this d ispers ion is set forth, e.g. ,  in [16]. For  complete mixing of the 
e lementa ry  s t r e a m s  of gas  in the pores  - which is ex t remely  probable in the case of well-developed flu- 
idization - we have ~ ~ 1; if the mixing is incomplete (in par t icular ,  in s teady-s ta te  g ranu la r  beds), this 
coefficient  can be much smal l e r  [17]. The function F in (2) was calculated in [12, 14, 15]; for values of 

*We emphasize that an immediate consequence of this assumption is that this model turns out to be inap- 
plicable not only for  descr ib ing heat exchange in beds which a r e  fluidized by liquid in drops,  but also for 
analyzing mass  t rans fe r  in any beds. In the la t ter  case,  mass  t rans fe r  of par ts  of the surface in contact  
with a pure gas or  a gas ca r ry ing  a few par t ic les  can even exceed the t r a n s f e r  at regions in contact  with 
the dense phase,  because the solid par t ic les  are  impenetrable to the diffusing impurity. 
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e c h a r a c t e r i s t i c  of the dense phase of the bed and under the condition ~/~0 >> 1, this function is given in 
o rde r  of magnitude by F ~ 10. We note that the apparent thermal  conductivity of the gas,  M, should be d is -  
tinguished f rom the effective thermal  conductivity of the granuiar  bed which this gas fills [12, t4,  15]. 

Equation (1) is s t r ic t ly  c o r r e c t  under conditions such that the scale length of the field of the average 
gas t empera tu re  T is much l a rge r  than a ( 1 - e )  -1/3. In the case under considerat ion here,  this condition is 
not always satisfied, so that this equation must  be t reated as approximate.  Two more  approximations have 
been used to simplify the calculat ions and the analysis .  The component of the heat d ispers ion due to f luc- 
tuations in the gas velocity,  due to random inhomogeneities of the porosi ty ,  has been neglected. This com-  
ponent was taken into account in [18] for  randomIy packed granular  beds and in [19] for fluidized beds, and 
it can in principle be incorporated in the analysis.  In addition, the effective gas "film" at the surface ,  
which plays such an important  role in the models of [5-8], has been neglected. The reason for  this film is 
that the wall exer ts  a limiting effect on possible configurations on the sys tem of par t ic les ,  so that the 
average poros i ty  of the dense phase near  the wali turns out to be slightly higher than far  f rom the wall [201. 
This effect can also turn out to be important  in hydrodynamic [21] and thermal  [5-8] problems,  if the pa r -  
t icles are large enough. This film can be easi ly taken into account without introducing any new fundamental 
difficu ltie s. 

The solution of problem (1) is 

T= T~-- (T~-- T~)exp(-- ~ / ~ z x  ) , ( 3 )  

from which we see that the thickness of the layer  within which the gas tempera ture  is inhomogeneous is 

5 ~ (~/'k)I, '2 . (4) 

Then the average heat flux from the surface  and the cor responding  hea t - t r ans fe r  coefficient become 

q=sl'L-k(Tw--r=), a=s]/T&. (5) 

To evaluate k we use the assumption that the average t ime 7 spent bythe par t ic les  in the surface 
region is small;  then we can assume the par t ic le  to be in an infinite medium with a thermal  conductivity 
X0, and we can use the solution of the problem of unsteady heat exchange between two ha l f - spaces  [13J. The 
average  heat absorbed by a single part icle  over  the time r is 

2 I ('c~176176 1'/2 ]-1 q, : 4:ta2].~_ (codo'%T)U ~ I + J ( r - T = )  (6) 

To conver t  f rom qT to the average  absorbed by" all the par t ic les  in a unit volume of the dense phase,  
we must  multiply (6) by the number density of par t ic les  (1-e  divided by the volume of a single particle) and 
by the frequency of part icle  interchange in the hea t - t r ans fe r  zone, f=  r -1. As a result ,  we find the follow- 
ing equation for k: 

k I / ' R  a _ " 

This equation and the equation 

, a . zr  / L \ Cldl~l ] 

which follows from (5) and (7), have the form of the equations from packet theory [4, 10, 11]. B0th contain 
the unknown time T or the frequency f. These la t ter  quantities are functions of not only the proper t ies  of 
the par t ic les  in the gas  and the state of the bed, but also the hydrodynamic environment near  the surface .  
For  this reason,  much caution must  be used in drawing conclusions about the par t icu lar  values of these 
quantities under var ious  conditions. 

*We note in this connection that the identification of f as the observed frequency of global oscil lat ions of a 
fluidized bed, d iscussed in [3], would be er roneous  in general .  This la t ter  f requency is a measure  of a 
cer ta in  macroscop ic  p rocess  (e.g., r egula r  c i rcula t ion of the d i s p e r s e p h a s e  in the bed or  the f requency at 
which large bubbles are  burst),  while f cor responds  to mic roscop ic  osci l lat ions of par t ic les  or packets of 
par t ic les :  
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If the su r f ace  in contact  with the bed does not cause  any signif icant  d isrupt ion of the l ayer  s t ruc tu re ,  
the t ime  T can be evaluated as the sca le  t ime  for  motion of a fluctuating par t ic le  of the dense phase over  a 
d is tance  5 in the d i rec t ion normal  to the pa r t  of the su r face  under considera t ion.  If the mean  f ree  path of a 
par t ic le  having an r m s  f luctuation veloci ty  u' in this d i rec t ion  is c o m p a r a b l e  to o r  l a r g e r  than 5, then we 
have 7 ~ 5/u' .  Otherwise ,  we have an a l t e rna t ive  means  for  de termining  7, speci f ica l ly ,  the re la t ion 7 ~ 62 
/2D, where  D is the effect ive d i spe r s ion  coeff icient  of the pa r t i c l e s  in the d i rec t ion  no rma l  to the su r face .  
The va lues  of u '  and D have been es t imated ,  e .g. ,  in [19], while an es t ima te  of 5 follows f rom (4). F o r  the 
f i r s t  e s t ima te  of ~ to be approx ima te ly  c o r r e c t ,  the quantity 5 mus t  be comparab le  in magnitude to a.  The 
second e s t ima te  is c o r r e c t  ff 5 is much l a r g e r  than a. Analys is  of the exper imenta l  data  shows that the 
f i r s t  e s t ima t e  s e e m s  to be be t te r ,  i .e. ,  

- -  - -  - -  , ( 9 )  
T ~  U r ~ U , 

where C is a coeff icient  which is a compl ica ted  function of the a r r a n g e m e n t  of the su r face ,  the Reynolds 
number  cor responding  to the flow around a single pa r t i c l e  of the dense phase,  and the poros i ty .  Without 
going into the ex t raneous  deta i l s ,  we note that the coeff ic ient  C is on the o r d e r  of 0.1-1 fo r  nea r ly  ver t i ca l  
su r f aces ,  fo r  r ea l i s t i c  va lues  of the poros i ty .  

Combining (7) and (9), we find the following express ion  fo r  k: 

k~)~-l/3(61--e14/3{uc~176176 ~ - - /  \ ~  [L 1 -~ \ ~ ] (  c~176176 il/e] -4'a . j  (10) 

Substituting this into (8) and using (2), we can wri te  

Let  us b r i e f ly  d i scuss  the h e a t - t r a n s f e r  coeff icient  a as a function of the conditions prevai l ing in the 
bed and of physica l  p r o p e r t i e s  of the p a r t i c l e s  and the gas.  F i r s t ,  in accordance  with the two-phase  theory  
for  f luidization,  the poros i ty  of the dense  phase  of the bed and the ave rage  gas veIoei ty  in it depend on  the 
f lu idizat ion ra te  Q e x t r e m e l y  weakly,  s ince  nea r ly  all the excess  gas (above the amount  requi red  fo r  min i -  
real fluidization) b reaks  through the bed in the fo rm of bubbles.  Despite  the obviously approximate  nature  of 
this theory  (see,  e .g . ,  the c r i t i c i s m  of this theory  in [22]), we can make the rough e s t ima t e  u ~ Qm/e and 
a s s u m e  e to lie in the range 0.4-0.6.  Significantly,  both these quanti t ies  a r e  m o r e  p rope r ly  thought of as 
c h a r a c t e r i s t i c s  of the gas  and the p a r t i c l e s  r a t h e r  than c h a r a c t e r i s t i c s  of the conditions prevai l ing  in the 
bed. 

F o r  v e r y  smal l  pa r t i c i e s  (such that the Reynolds number s  is  l e ss  than o r  on the o rde r  of one), we 
have 

u ~.. If (0 dlga" - - ,  (12) 

and the second t ime in the f i r s t  se t  of b r acke t s  in (11) is much s m a l l e r  than the f i r s t .  Accordingly,  as  the 
pa r t i c l e  radius  fai ls  to zero ,  the coeff ic ient  a tends toward some finite l imit ,  as is eas i ly  seen  f rom (11). 
This  conclusion is of fundamental  impor tance ,  s ince  such a l im i t  is usually not reached exper imenta l ly ,  
and one gets  the i m p r e s s i o n  that  heat  exchange between the bed and the su r face  can be intensified without 
r e s t r i c t i o n  if the pa r t i c l e  s ize  is reduced.  

Fo r  light pa r t i c l e s  (for Reynolds number s  much l a r g e r  than one) we have 

u ..~ K' (e) (--~o ga) ~/2 . (13) 

Using (13) in (11),, we see  that as  the value of a is inc reased  the coeff ic ient  a at f i r s t  begins to fall  off in 
p ropor t ion  to a-u [while the second t e r m  in (2) for  • r ema ins  smal l  in compar i son  with the f irs t]  and then 
tends toward a value independent of a. Here  we have been ignoring the dependence of C on the Reynolds 
number  (and thus on a). F u r t h e r m o r e ,  this model  neg lec ts  the compet ing hea t - t ra .nsfer  m e c h a n i s m s  (e.g., 
convect ive  t r a n s p o r t  by the ave rage  flow of the f i l te red  g a s ) , w h i c h  become increas ing ly  impor tan t  as the 
pa r t i c l e s  become l a r g e r .  A p r e l i m i n a r y  ana lys i s  shows that for  suff icient ly l a rge  va lues  of a the coeff icient  

should inc rease  slowly with increas ing  a and should have a min imum at  some  in te rmedia te  value a. .  This 
"c r i t i ca l "  radius  can be e s t ima ted  roughly on the bas i s  of the o r d e r  of magnitude of the t e r m s  in (2): 
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A l a r g e  n u m b e r  of equa t ions  have  been  p r o p o s e d  [1-3] f o r  the  q u a n t i t i e s  K and K'  which a p p e a r  in 
(12)-(14).  The b e h a v i o r  of a a s  a funct ion  of a ou t l i ned  h e r e  a g r e e s  wi th  the  e x p e r i m e n t a l d a t a a v a i l a b l e  (see  
[1-3] and a l s o  [23-26]) .  

How is  a a f f ec t ed  by the p h y s i c a l  p r o p e r t i e s  of the  ga s .  F o r  s u f f i c ) e n t l y  s m a l l  p a r t i c l e s ,  wi th  the  
f i r s t  t e r m  p r e d o m i n a n t  in Eq.  (2) f o r  ~., we have ~ ~ ~/3 and a ~ (c0d0) 1/3. F o r  l a r g e  p a r t i c l e s ,  on the  
o t h e r  hand.  in which  c a s e  the  c o n v e c t i v e  hea t  d i s p e r s i o n  is m o r e  i m p o r t a n t  in (2), we have  a ~ ~.~3 and 

~ (e0d0)2/3. A c c o r d i n g l y ,  if we d e s c r i b e  the e x p e r i m e n t a l  r e s u l t s  with p o w e r  l aws  of the  type  a ~ ~0 n and 
a ~ (c0d0) m we should  e x p e c t  the exponen t s  n and m to l i e  be tween  0.33 and 0.67.  F o r  p a r t i c l e s  which a r e  
not  too l a r g e ,  c o r r e s p o n d i n g  to m o s t  e x p e r i m e n t s  on h e a t  t r a n s f e r  be tween  a bed  and a s u r f a c e ,  we should  
have  n = 0 . 5 - 0 . 7  and m = 0 .3 -0 .4 ,  in a g r e e m e n t  with e x p e r i m e n t  [1-8].  

A c c o r d i n g  to (11), the t h e r m a l  c o n d u c t i v i t y  and s p e c i f i c  h e a t  of the  m a t e r i a l  of  the  p a r t i c l e s  have 
e x t r e m e l y  l i t t l e  e f f ec t ,  a g a i n  in a g r e e m e n t  wi th  e x p e r i m e n t .  In th i s  connec t ion  we m u s t  e m p h a s i z e  tha t  the  
d e p e n d e n c e  of ~ on h 1 and c id  I is  not fu l ly  r e f l e c t e d  in (11), b e c a u s e  d e t a i l s  of the p a r t i c l e  m i g r a t i o n  in the  
s u r f a c e  r e g i o n  have  been  n e g l e c t e d  and b e c a u s e  we have  a s s u m e d  a r a p i d  i n t e r c h a n g e  of p a r t i c l e s  in th is  
r e g i o n .  A m o r e  a c c u r a t e  c a l c u l a t i o n  would l e ad  to new t e r m s  in (11), a l though  they  would be s m a l l ,  on the  
o r d e r  of c0d0k0/CldlXl . The s p e c i f i c  g r a v i t y  of the  p a r t i c l e s  a f f ec t s  the  v a l u e  of  a i n d i r e c t l y ,  t h rough  the  
quan t i t y  Q, which  a f fec t s  u [see,  e . g . ,  (12) and (13)]. 

The d e p e n d e n c e  of the h e a t - t r a n s f e r  c o e f f i c i e n t  on the f l u i d i z a t i o n  c ond i t i ons  and on the p o s i t i o n  and 
o r i e n t a t i o n  of  the  h e a t - e x c h a n g e  s u r f a c e  in the  bed is  c o n c e n t r a t e d  in the  f a c t o r  s in (11). In the  s p i r i t  of 
the b a s i c  a s s u m p t i o n  tha t  the  h e a t  e x c h a n g e  o c c u r s  p r i m a r i l y  a t  s u r f a c e  r e g i o n s  in c o n t a c t  wi th  the  d e n s e  
p h a s e  of the bed,  t h i s  f a c t o r  can  be t r e a t e d  a s  the  a v e r a g e  f r a c t i o n  of the  a r e a  of such  r e g i o n s  p a r t i c i p a t i n g  
a c t i v e l y  in  the  h e a t  e x c h a n g e .  To d e t e r m i n e  th i s  quan t i t y  we m u s t  so lve  s e v e r a l  c o m p l i c a t e d ,  p u r e l y  h y d r o -  
d y n a m i c  p r o b l e m s  - beyond the s c o p e  of the p r e s e n t  p a p e r .  H o w e v e r ,  i t  i s  not  d i f f i cu l t  to  c a r r y  out  a 
q u a l i t a t i v e  a n a l y s i s  of  the  func t iona l  d e p e n d e n c e  of s on the  v a r i o u s  f a c t o r s .  

The quan t i t y  s i s  p r o p o r t i o n a l  to the c o n c e n t r a t i o n  of the dense  phase  n e a r  the s u r f a c e .  If the p r e s -  
ence  of the  s u r f a c e  does  not  s t r o n g l y  a l t e r  the  h y d r o d y n a m i c s  of the  bed in the  r e g i o n  a d j a c e n t  to t h i s  s u r -  
f ace ,  then th i s  c o n c e n t r a t i o n  i s  a p p r o x i m a t e l y  equa l  to the  c o n c e n t r a t i o n  of the d e n s e  p h a s e  in a f r e e  bed ,  
s 0. Th is  l a t t e r  quan t i t y  f a l l s  off with i n c r e a s i n g  f l u i d i z a t i o n  r a t e .  Work ing  f r o m  the c o n c e p t s  of the  two-  
p h a s e  f l u i d i z a t i o n  t h e o r y ,  we can  w r i t e  

U - - Q  
s~ ~ U - -  Q~ " (15) 

It i s  a l s o  a s i m p l e  m a t t e r  to d e r i v e  equa t ions  l ike  (15) c o r r e s p o n d i n g  to r e f i n e d  v e r s i o n s  of the t w o - p h a s e  
t h e o r y ,  e .g . ,  as  in [22] o r  [27]. The s u b s t i t u t i o n  of  s ~ s  0 f r o m  (15) in to  (11) shows that  v~ f a l l s  off wi th  in-  
c r e a s i n g  Q. This  c o n c l u s i o n  i s ,  of c o u r s e ,  v a l i d  only in the r ange  of a p p l i c a b i l i t y  of  t h i s  m o d e l ,  i . e . ,  on ly  
fo r  a w e l l - d e v e l o p e d  f lu id i zed  bed .  Equa t ion  (11) d e s c r i b e s  only  the  d e s c e n d i n g  b r a n c h  of the  a(Q) c u r v e ,  
o b s e r v e d  e x p e r i m e n t a l l y .  Th i s  m o d e l  is  not  v a l i d  for  d e s c r i b i n g  the a s c e n d i n g  b r a n c h  of th i s  c u r v e  o r  i t s  
m a x i m u m ,  s i n c e  s o m e  of the a s s u m p t i o n s  of the m o d e l  a r e  not s a t i s f i e d .  

Re l a t i on  (15) d e s c r i b e s  the c o n c e n t r a t i o n  of the  d e n s e  phase  a v e r a g e d  o v e r  the v o l u m e  of the bed .  
A c t u a l l y ,  g a s  bubb les  a r e  d i s t r i b u t e d  n o n u n i f o r m l y  in a bed of even  a s i m p l e  g e o m e t r y ,  so tha t  s o i s  an  i n -  
h o m o g e n e o u s  funct ion  of the  c o o r d i n a t e s .  A c c o r d i n g l y ,  we can  e x p e c t  s o m e  i n c r e a s e  in  the  bubble  c o n c e n -  
t r a t i o n  1 - s  o with i n c r e a s i n g  d i s t a n c e  a b o v e  the gas  d i s t r i b u t i o n  g r i d ,  s i nce  the  bubb les  in the l o w e r  p a r t  of 
the bed a r e  s t i l l  g r o w i n g .  

We can  t h e r e f o r e  expec t  a to fa l l  off s l i g h t l y  wi th  d i s t a n c e  above  the g r i d ,  a t  l e a s t  a t  d i s t a n c e s  su f f i -  
c i e n t l y  f a r  f r o m  the  g r i d .  A n a l o g o u s l y ,  g a s  bubb l e s  a r e  d i s t r i b u t e d  n o n u n i f o r m l y  in any  h o r i z o n t a l  c r o s s  
s e c t i o n  of the  bed [28]. As  a r e s u l t ,  c~ a l s o  d e p e n d s  on the h o r i z o n t a l  c o o r d i n a t e s ;  the n a t u r e  of th i s  d e -  
pendence  can ,  in  p r i n c i p l e ,  be p r e d i c t e d  by us ing  (11) and r e s u l t s  l i ke  t hose  in [28]. The d e c r e a s e  of a with 
he igh t  above  the g a s  d i s t r i b u t i o n  g r i d  and the c o m p l i c a t e d  d e p e n d e n c e  of a on the h o r i z o n t a l  c o o r d i n a t e s  
have  been  o b s e r v e d  e x p e r i m e n t a l l y  on s e v e r a l  o c c a s i o n s  [1-3].  

T h e d i s c u s s i o n  above  h a s  d e a l t  wi th  s u r f a c e s  whose  p r e s e n c e  in f l u i d i z e d  b e d s  does  not  g r e a t l y  a l t e r  
the c h a r a c t e r i s t i c  v a l u e  of s in c o m p a r i s o n  wi th  tha t  in the c o r r e s p o n d i n g  " f r e e "  bed .  In o t h e r  w o r d s , t h i s  
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discuss ion actually holds for  su r faces  which make small  angles with the vertical.  If the surface makes a 
large angle with the ver t ica l ,  the orientation can have a g r e a t e r  effect on a than the position of the surface 
in the bed* Fo r  example, an oscil lating layer  of pure gas,  essent ial ly  free of par t ic les ,  forms at the lower 
surface of a horizontal  plate o r  of a cyl inder ,  sphere,  etc. ,  in the flow [29]. It is completely c lear  that the 
mechanism for heat exchange between such a surface and the bed is different f rom that postulated above 
and, incidentally, different f rom the external heat exchange adopted in other  models .  In par t icular ,  it is 
c l ea r  that in this case  we cannot neglect  heat t r ans fe r  to the pure gas,  since this simplification great ly  
d is tor ts  the physical picture of the p rocess .  The other  l imiting case is the upper side of a horizontal  plate 
or  of an object in a flow, at which a "cap" of densely packed par t ic les  usually fo rms .  Physical ly ,  it is ob- 
vious that heat t r ans fe r  from such a surface will be dominated by conduction through the s teady-s ta te  (per- 
haps moving) granular  bed and by convection by the gas flow, so that the assumption of a rapid interchange 
of par t i c les  in the surface region is quite wrong. For  complicated sur faces ,  the actual situation seems  to 
be descr ibed approximately by the arguments  of [30], according to which the degradation o f thehydrodynam-  
ic conditions for  heat exchange at individual par ts  of a surface  is offset  by the improvement  in these con- 
ditions at other  regions and that this degradat ion is ex t remely  slight on the whole and does not always have 
a definite effect on the value of ~ averaged over  the surface .  We note, in conclusion,  that fluctuations in the 
porosi ty  of the bed and the associated osci l lat ions of the par t ic les  and the gas play a ve ry  important  role 
in heat  exchange between a bed and a surface immersed  in the bed. In the discussion above we took these 
oscil lat ions (which a re  by no means small) into account implici t ly,  through assumptions involved in the 
model for the p rocess .  Presumably ,  a more  thorough and more  d i rec t  analysis  of these oscil lat ions would 
lead to new fundamental conclusions regarding the nature of the p rocess  and regarding possible ways for 
intensifying the process  which were previously  not obvious. Accordingly,  a detailed theoret ical  and exper i -  
mental  study of the fluctuations in the sur face  tempera ture ,  in the heat flux from the surface,  and in the 
hea t - t r ans f e r  coefficient is c lear ly  worthwhile. 

a 

C 
c 0 and c 1 
D 
d o and d 1 
F 
f 
g 
K and K' 
k 
m a n d n  
Q 

Qm 
q 
qT 

S 

SO 

T 
T w and T~, 
U 
U 

II T 

X 

N O T A T I O N  

is the part icle  radius; 
is the coefficient in (9); 
a re  the specific heats of the gas and par t ic les ;  
is the d ispers ion coefficient of the par t ic les ;  
a re  the densit ies of gas and par t ic les ;  
is the function in (2); 
is the frequency; 
is the acce lera t ion  due to gravity;  
are  the coefficients in (12) and (13); 
is the interfacial  hea t - t r ans fe r  coefficient;  
a re  the exponents; 
is the gas flow rate;  
is the minimum fluidization ra te ;  
is the heat flux to sur face ;  
is the heat absorbed by a single part icle  over  a time T; 
is the fract ion of surface a rea  in contact  with the dense phase of the bed; 
is the volume concentrat ion of gas bubbles in a free bed; 
is the tempera ture ;  
are  the t empera tu res  of surface  and bed; 
is the gas veloci ty  in the bubble phase; 
is the gas velocitY in dense phase; 
is the rms  Velocity of par t ic le  osci l lat ions in the direct ion normal  to the surface;  
is the normal  coordinate;  
is the hea t - t r ans fe r  coefficient at s u r f a c e ;  

*In this connection one of the authors  (Buevich) would like to express  an opinion in connection with the con- 
t r o v e r s y  on the adequacy of the packet model of heat t rans fe r .  It follows f rom the present  discussion that 
there is no point in this con t roversy .  The adherents  of this model are  c o r r e c t  when the subject is heat 
t r ans fe r  whose kinetics is actually governed by contacts between the surface and the dense phase and by 
the rate of heat t r ans fe r  by par t ic les .  The c r i t i cs  of this model are  equally c o r r e c t  when the subject is 
sur faces  which al ter  the local s t ruc ture  of the fluidized sys tem and thereby al ter  the basic physics of the 
external heat exchange. 
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6 

and k '  

2~ o and ~.~ 

ff  

7 

is the th ickness  of v a r i a b l e - t e m p e r a t u r e  l aye r  n e a r  the sur face ;  
is the poros i ty ;  
a r e  the effective t he rma l  conductivity and apparen t  conductive t he rma l  conductivi ty of gas  
in dense phase;  
a r e  the the rma l  eonduct ivi t ies  of gas  and par t ic les ;  
is the gas  v iscos i ty ;  
is the coeff icient  in (2); 
is the ave rage  t ime  spent  by a pa r t i c le  nea r  the su r face .  
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